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ABSTRACT: 

We adopt the definition of algebraic modelling formulated by various authors in 
the Anthropological Theory of the Didactic as a basis to define functional-
algebraic modelling. We then analyse both the conditions needed to teach and 
learn this activity at the end of secondary level (16-18) and the constraints that 
hinder its development in the classroom. The analysis is supported by a teaching 
experimentation carried out in a “workshop of mathematics modelling” centred on 
the study of a business situation (how to make money by selling T-shirts?) using 
the symbolic calculator Wiris. The conclusions presented concern the difficulties 
originated by the modelling activity as well as those coming from the use of 
symbolic calculators as a normalised tool of the mathematical activity. 
 

1. INTRODUCTION 

At compulsory secondary school (12-16), letters generally only play the role of 
unknowns (in equations) or of variables (in functional language). They rarely act as 
parameters. And when they appear in formulas, for instance in geometry, statistics, 
etc., they only function as rules to carry out computations, a kind of shorthand of 
verbal expressions. They never appear as the result of algebraic work nor do they 
act as “algebraic models” in which unknowns and parameters are exchangeable. 
This absence on interplay between parameters and variables is one of the indicators 
of the pre-algebraic character of mathematics studied at secondary school (Bolea, 
Bosch, Gascón 2001) and can be related to the interpretation of elementary algebra 
as a generalized arithmetic which is dominant in school institutions (Gascón 1993, 
1999). Following Bolea et al. (2001), we consider that elementary algebra has to 
be introduced at school not as a delimited body of knowledge, but as a generic 
modelling tool. In this sense, it has to be used as a tool to: 
(a) Describe the relation between different types of problems or techniques; 
(b)  Formulate and approach questions related to the existence and uniqueness of 

the solution of a certain type of problems and the structure of the solutions set; 
(c)  Generalize the techniques used and the results obtained. 
In short, the proposal is to introduce elementary algebra not as an object of study in 
itself but as a tool to develop, enlarge and interconnect previously studied 
mathematical organisations-MO (with their types of tasks, techniques, technologies 
and theories), that is, to study them in depth. In this sense, algebra can be 
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considered as a tool of progressive mathematisation. Actually, the multiple 
transpositive constraints that hinder the process of algebrization and impede 
carrying out an algebraic modelling activity (Bolea, Bosch & Gascón 2004), can be 
considered as constraints to the process of school curriculum mathematisation.  
2. DEVELOPING THE ALGEBRAIC TOOL: THE FUNCTIONAL 

ALGEBRAIC MODELLING 

Despite the strong pre-algebraic character of school mathematics, it must be 
pointed out that the mathematical activity becomes fully algebrized from a certain 
educational level onwards. The development of the mathematical activity requires 
the complete functioning of the algebraic instrument, although it may remain 
implicit. For this reason we must assume the existence of a process of algebrization 
of school mathematics starting at primary school, continuing through compulsory 
secondary school and culminating at university. 
In this work we introduce the notion of functional-algebraic modelling as a 
development of the algebraic instrument, i.e. as a development of the instrument 
that allows enlarging the mathematical organisations which appear throughout 
secondary school, especially in the passage from compulsory school to college 
and, more particularly, in the relations between algebra and differential calculus. 
Thus functional-algebraic modelling allows: 

(a) Unifying certain types of problems thanks to models that can be formulated 
in terms of families of functions.  

(b) Using new mathematical techniques to answer questions that go beyond the 
calculation of a particular solution to a problem. 

(c) Proposing new types of problems involving the reciprocal incidence 
between the changes of variables that define the underlying modelled 
system as a family of curves. Questions related to the ratio of variation will 
appear, preparing for the introduction of the differential calculus.4  

Let’s not forget that the algebraic instrument stems from Pappos’ classical analysis 
which, according to Descartes, consists in the method to find the dependence 
between all the variables that intervene in a problem, leaving aside whether they 
take on a known or an unknown value. The development of this instrument leaded 
to establish a close relation between “geometric” and “algebraic” problems with 
the creation of analytical geometry. The fundamental principle of analytical 
geometry consists in the discovery that undetermined equations (in principle, 
algebraic ones) with two unknowns: f(x,y) = 0 correspond to geometrical places 
determined by points, the coordinates of which satisfy the given equation. This 
interpretation does not only introduce analytical geometry but also the fundamental 
idea of algebraic variables, essential for the development of calculus as it occurred 
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throughout the 17th century (Urbaneja 1992). We can consider this type of 
modelling, where the algebraic variables x and y measure any kind of magnitudes, 
as the seed of the functional-algebraic modelling. The progressive interplay 
between parameters and variables will help this type of modelling develop into the 
rationale of the differential calculus. 
To clearly explain the general notion of functional-algebraic modelling, we will 
consider three levels corresponding to three progressive steps of mathematisation. 
2.1. First level of functional-algebraic modelling  

One of the characteristics of the pre-algebraic character of school mathematics 
comes from the separation between “algebraic” and “functional” language, which 
is especially made clear in the role played by formulas and the fact that they are 
rarely interpreted as “functional” models to study properties of the modelled 
objects. In fact, the strict separation between school algebraic language (confined 
in formulas) and functional language is a consequence of the process of didactic 
transposition that organises the mathematical knowledge to be taught into different 
blocks of contents and makes it difficult to integrate mathematical objects coming 
from different “themes” or “domains” (Chevallard 1985, Bosch & Gascón 2006).  
We will call the first functional-algebraic modelling level of a mathematical 
organisation (MO) the one that materializes in models expressed by means of 
isolated functions of one variable and the corresponding equations (or inequalities). 
For instance, if a product is sold at a unitary price of 6 €, it’s unitary cost is 2,5 € 
and there is a constant production cost of 150 €, at this first level the benefits of the 
situation can be modelled by the function:  

B(x) = 6x – (2,5x + 150). 
The kind of mathematical tasks included in these models are the ones that require 
an analysis of the relations between the components of an isolated function and of 
the global behaviour of the function: What value of x gives B > 1000? How to 
interpret the constant term –150? Etc. 
2.2. Second level of functional-algebraic modelling  

We have already mentioned that, at secondary school, the letters which are part of 
an algebraic expression only play the role of unknowns (in equations) or the role of 
variables (in functional language), while parameters are hardly existent. In any 
case, the systematic interplay between their different roles is completely ignored. 
Moreover, the activity of nominating and re-nominating variables, that is, the 
introduction of new letters while working with algebraic expressions, essential in 
the algebraic work, only appears in some activities completely stereotyped as a 
“change of variable” (for example, in solving bi-squared equations). This situation 
continues throughout the last year of secondary education. It makes the step from 
working with algebraic expressions to studying families of functions and to using 
these families as models of relations between magnitudes extremely difficult.  
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We call the second level of functional-algebraic modelling of a MO the one that 
materializes in models precisely by means of a family of functions of one variable 
and the corresponding parametrical equation. At this second level of modelling, 
there exists a clear distinction between “parameters” and “variables” in such a way 
that their roles cannot yet be considered exchangeable. Families of one-variable 
functions are being studied but not functions of two (or several) variables. Some 
examples can be suggested by the following expressions:5  

Bc(x) = 6 x – (cx + 150);   BL(x) = 6 x – (2,5x + L) 
This kind of models includes the tasks and techniques necessary to study real 
functions of one variable and to solve equations and inequalities with a parameter.  
2.3. Third level of functional-algebraic modelling  

We will call third level of functional-algebraic modelling of a MO the one that 
materializes in models expressed by means of families of functions of 2 or more 
variables and the corresponding algebraic formulas. It is this third level of 
modelling in which the roles of “parameters” and “variables” are exchangeable. 
How the joint variation of 2 or more variables has an effect on the variation of a 
function is being studied. Examples of this third level are the following: 

B(c, L, x) = 6 x – (cx + L);   p(x, c, L) = 
 2000 + L 

x  + c  

As functions of 2 or more variables have explicitly been put aside from secondary 
education, the mathematical activity to be carried out to construct, use, study and 
interpret this kind of models is completely absent from current secondary school. 
To sum up, in Spanish secondary education there are very few techniques to carry 
out the mathematical activity we have called functional-algebraic modelling. Till 
10th grade, the only thing that exists is the algebraic manipulation of elementary 
formulas and some techniques to solve equations and inequalities (if they are easy), 
stereotyped techniques that are limited to represent graphs and even more limited 
to interpret formulas and to connect them to graphs. Eventually, it turns out that 
functional-algebraic modelling is practically inexistent at this level and that, in 
current conditions, only activities belonging to the first functional-algebraic 
modelling level could be carried out. 
3. THE DIDACTIC PROBLEM CONSIDERED 

We consider the didactic problem of how to modify the ecology of the 
mathematics teaching system to make students capable of carrying out a 
functional-algebraic modelling activity throughout post-compulsory secondary 
school (11th and 12th grade). We thus intend to locally create the conditions that 
allow using functional-algebraic modelling as a study technique to enlarge and 
deepen the questioning of school mathematical organisations. 
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To progress in that direction, the work we present puts forward both the design and 
conclusions taken from the experimentation in different courses of a study process 
based on the combination of two didactic strategies: 

(a) Propose the study of a problematic question that arises in an economic 
system, initially defined by means of some fixed values. The study of the 
system requires the students to progressively convert data values into 
parameters and to take into consideration the functional relations between 4 
variables of the system (sales, costs, incomes and benefits). 

(b) Use the symbolic calculator Wiris (www.wiris.com) to instrumentalise the 
mathematical techniques needed to approach the types of problems that arise 
during this activity. We try to take advantage of the resources of Wiris to 
make the work of creation, graphic representation and manipulation of 
algebraic expressions and functions easier for the students, bearing in mind 
the interpretation of all these manipulations in the context of the system. 

The experimentation was organised as a “mathematical modelling workshop” in 5 
different schools of Barcelona’s metropolitan area, four classes of 10th grade and 
one of 11th grade. It took place during the first term of 2006 and went on for 10 or 
11 sessions of 50 minutes. The workshop teacher was the usual teacher of each 
class and one of the members of our research team did the observations of almost 
all the sessions, which were audio and video recorded.6 In all cases, most of the 
sessions took place in the “computers room” of the school, even if some sessions, 
especially the first and the last ones, took place in the normal classroom. We will 
present an outline of the experimentation taking the successive mathematical 
models involved as a guideline of the description. 
4. HOW WAS PERFORMED THE MODELLING PROCESS 

The “worshop” starts with a question raised in an economic system (the production 
and sale of T-shirts) about how to obtain a given benefit. The study of this question 
gives rise to a functional-algebraic modelling process in which the interplay 
between parameters and unknowns is essential. 
Initially, the system can be characterized considering 4 variable magnitudes: the 
number of produced and sold items (x), the incomes (I), the production costs (C) 
and the benefits (B). The three functions I = I(x), C = C(x), B = B(x) can be defined 
and related through the equality: B(x) = I(x) – C(x). 
If we consider a single product sold at a constant unitary price p, the incomes 
function is given by I(x) = p·x. As far as the costs function is concerned, different 
models are possible. The simplest hypothesis is to consider costs linearly 
depending on the number of produced items C(x) = c·x + L, where c is the unitary 
cost and L other possible fixed costs (the rent of the workplace, for instance). It is 
also possible to consider that the unitary cost is not constant but increases linearly 
with x, which gives rise to a quadratic function of the form: C(x) = (c + αx)x + L. 
                                                      
6 A preliminary experimentation took place with two of these classes in the first term of 2005. 
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The coefficient α  here indicates a “low” value of the type 1/K with K > 0 so that, 
for x values much lower than K, αx can be neglected making costs almost linear 
while quadratic increasing remains only for “big” sales.  
The workshop was divided into two parts. The first starts with a consultation from 
a youth association that wants to earn 3000 € by printing and selling T-shirts 
(linear costs). The second one is about a similar proposal made by a sports firm 
printing and selling bigger amounts of T-shirts (quadratic costs). Only the case of 
the linear cost function is being considered here and we will describe the modelling 
process followed by the students through a sequence of mathematical organisations 
where each one models the previous one and is modelled by the following one.7 
Youth association: buying and selling T-shirts  

The students are given the following chart about the costs and incomes obtained by 
a youth association selling T-shirts during May, June and July:  

MONTH May June July August 
Sold T-shirts 100 329 264  
Total costs (€) 550 1122,5 960  
Total incomes (€) 520 1710,8 1372,8  
Benefits (€) -30 588,3 412,8  

The aim of the work is to write a report for the youth association telling them what 
strategies can lead to the desired benefits of 3000 €. 
The initial conditions of the business can be obtained from the given data: a 
constant unitary cost c = 2,5 €, a constant unitary price p = 5,2 € and a constant 
fixed cost L = 300 €. The first question to consider is: 

Q0: In the given initial conditions, is it possible to obtain a benefit of 3000 € in 
August by selling a reasonable number of T-shirts?  

With the help of the teacher, the situation is modelled by the one-variable function 
B(x) = 5,2x – 2,5x – 300 and the associated inequality 5,2x – 2,5x – 300 > 3000. 
However, the students first spontaneous strategy is to answer the question working 
in OMeq, the first-level algebraic MO of one-unknown equations, solving 5,2x – 
2,5x – 300 = 3000 and deducing the “limit value” x = 3300/2,7 ≈ 1223, which is a 
big amount certainly not “reasonable” for the youth association.  
The negative answer to Q0 creates the need to modify some data of the initial 
situation, turning them into parameters. The following question Q1 comes up: 

Q1: Is it possible to obtain the desired benefits by changing only one initial 
condition of the situation: unitary price, unitary cost, fixed cost (rent)?8  

It can be specified into the following questions: 
Q11 (p as free parameter): Suppose the costs are constant (c = 2,5  y L = 300). 
How much does the unitary prize p have to increase in order to obtain a benefit of 
3000 € selling a “reasonable” number of T-shirts (x < 450)?  

                                                      
7 In the case of a quadratic cost function the sequence of praxeologies is similar and can be found in Bosch, Gascón 
& Ruiz (2005). 
8 After discussion, p < 8, c > 1 and L > 100 are considered as “reasonable” values. 
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And the same with the other two cases: c or L as free parameters. 
The spontaneous answer given by the students consists in considering the 
“extremal” cases (c = 1, L = 150 or p = 8), which let them remain in OMeq. To 
force the passage to OMf(x), the teacher has to refer to the consultancy situation 
(“we cannot expect the youth association to always find these extreme 
conditions”, etc.) and introduce a functional technique and the corresponding 
reformulation of the result obtained: 

3000 = (p – 2,5)·x –300,  3000 = (5,2 – c)·x –300,         3000 = (5,2 – 2,5)·x –L 

x = 
 3000 + 300 

 p – 2,5  ;          x = 
 3000 + 300 

 5,2 – c  ;   x = 
 3000 + L 
 5,2 – 2,5   

       
To obtain more than 3000 € of benefits by modifying only one parameter, we have: 

p = 8 ⇒ x > 600;       c = 1 ⇒ x > 786;        L = 100 ⇒ x > 1149. 

The work in MOf(x) establishes that the desired benefit cannot be obtained by 
changing only one parameter. A new question Q2 arises based on the necessity to 
modify two parameters: 

Q21 (p and L as free parameters): If c = 2,5 remains constant, what relation between 
p and L is needed to obtain a benefit of 3000 € selling a “reasonable” number of T-
shirts (x < 450)? Does a “reasonable” pair of values p and L exist?  

And the same with the other two cases: (c,p) or (c,L) as free parameters. 

Here the work takes place in MOfp(x) and the study of the relations: 
 

3000 ≤ (5,2 – c)·x –L, 

x ≤  
 3000 + L 
 5,2 – c  ; 

 
3000 ≤ (p – 2,5)·x –L, 

x ≤  
 3000 + L 
 p – 2,5  ; 

 

3000 ≤ (p – c)·x – 300 

x ≤  
 3000 + 300 

 p – c   

 
 

x(p) 

x(c) 

x(L) 

Isoquants of c = c(x,L). Isoquants of L = L(x,c). 

Isoquants of p = p(x,L). Isoquants of L = L(x,p). 

Isoquants of p = p(x,c). 
Isoquants of c = c(x,p). 
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Admissible solutions can only be reached when p and c are taken as free 
parameters. Thus p – c appears to be the interesting parameter to consider. 
A last a more general question can then be formulated in the following terms: 

Q3 (all three parameters free): What changes can be applied to the initial 
conditions (c = 2,5, p = 5,2, L = 300) to obtain 3000 € of benefit selling a 
“reasonable” number of T-shirts (x < 450)? 

An exploratory study with Wiris through the variation of graphs shows that a 
reasonable answer to Q0 requires the condition: p – c ≥ (3000 + L)/x. 
Due to the fact that, at the considered level, students are not able to use analytic 
techniques to approach Q3, the study cannot go beyond the transformation and 
interpretation of this formula. The following schema summarizes the sequence of 
questions and praxeologies that may appear throughout the study of Q0: 
 
 
 
 
 
 
During the design and carrying out of the instruction, the symbolic calculator Wiris 
is considered as an instrument that decreases the difficulty or the cost of certain 
problematic tasks such as graphing functions, solving equations (with and without 
parameters) and doing algebraic transformations of formulae. It thus facilitates the 
exploratory and experimental dimensions of the study. Furthermore, Wiris has 
appeared as a useful tool to distinguish between the system considered and the 
mathematical model of the system, encouraging both the formulation of questions 
about the models used and the interpretation-justification-evaluation of the results 
obtained, in short, the work of “coming back” to the system initially considered. 
5. RESULTS AND OPEN QUESTIONS 

(A) The need to study long-term mathematical questions 
A basic characteristic of an algebrized mathematical activity and, in particular, of 
functional-algebraic modelling, is the requirement of long-term goals that can only 
be reached through systematic work extended in time. This was a trait of our 
instructional proposal: starting with a question that was not immediately solvable 
but required the construction and progressive enlargement of the models 
considered. This requirement appeared to be an important obstacle to the 
experimentation and can be explained, partially at least, as a consequence of the 
way the study of mathematics is interpreted in secondary schools, that is, in terms 
of the dominant cultural notion of study. It is in fact a conception clearly 
compatible with the limited, rigid and isolated character of mathematical 

OMfp(x) 
 

OMform OMeq 
 

OMf(x) 
 

Q0 Q1 Q2 Q3 Result 

First level of functional-algebraic 
modelling 

Second level of functional-algebraic modelling 

Third level of functional-algebraic 
modelling 

OMf(x1,..xn) 
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organizations studied in such institutions (Bosch, Fonseca, Gascón 2004). It is also 
reflected in the way students carry out limited tasks and change the activity several 
times, even during the same session. On the contrary, our proposal is based on an 
activity that needs to integrate different mathematical objects in a functional way, 
working with a set of MOs that usually appear in an incomplete and isolated way. 
Thus, the type of study designed, with its long-term objectives, the non-definitive 
answers and the rising of new questions, go against the dominant epistemologic 
and didactic conception of the teaching and learning of mathematics.  
(B) The connection between numerical and functional language 
To carry out the passage from an arithmetic solution to the construction of a 
functional-algebraic model, it is necessary to turn “numerical questions” into 
questions the answer of which is not a concrete number but a relation between 
variables. At the beginning of the workshop, the students had real difficulties with 
this, always trying to find “the number solution”, as they are used to doing. It was 
the teacher who had to clearly highlight the new didactic contract that was being 
established, using the “reality” of the situation to justify it. In any case, it seems 
that it is necessary to work more on the “question of the questions”, ie the kind of 
problem that is really approached, the kind of solution that is “receivable”, etc. 
(C) Management of the study process and students autonomy  
The development of a functional-algebraic modelling activity requires a bigger 
degree of autonomy from the students than is usually needed. This kind of activity 
(even at the first levels) wants the student to take his/her own initiatives related to 
the kind of questions to solve, the tools to use and, even, the direction that the 
study process can take at a given moment. How to organize an appropriate new 
sharing of responsibilities (didactic contract) between the teacher and the students 
remains an open problem at this level. How can we determine the optimum degree 
of responsibility students have to be assigned with at every educational level? How 
can the teacher manage this new kind of study process? Etc.  
(D) The role of Wiris to facilitate functional-algebraic modelling 
The symbolic calculator Wiris was used during the workshop to use mathematical 
techniques in a more fluent way and with less difficulty than their “paper and 
pencil” versions. Wiris was thus supposed to help students carry out a richer 
exploratory activity. It was used to carry out a lot of trials and the exploration of 
different cases (different values of the parameters). However, we did not succeed 
in making students question the techniques used (their scope, economy or 
efficiency). This is an essential point because any modelling activity requires the 
systematic interpretation of intermediate results and the questioning of the 
adequacy between model and system. What did appear, with the help of Wiris, was 
a certain degree of articulation between the algebraic work with formulas and the 
graphs obtained by considering any letter of the formula as independent variables.  
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Because it goes towards the didactic organisation of current secondary schools, our 
proposal has highlighted various constraints that hinder the study of a long-term 
question and the use of functional-algebraic models to deal with it. A symbolic 
calculator like Wiris helps to overcome some of these constraints. Anyway, our 
experimentation has shown that, to go beyond the “second level of functional-
algebraic modelling”, a profound change in the didactic contract prevailing in 
secondary schools is necessary. This change also seems essential to give sense to 
the differential calculus that is taught at the end of secondary school and at 
university level.  
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